In previous work about axisymmetric adhesive contact on power-law graded elastic materials, the contact interface was often assumed to be frictionless, which is, however, not always the case in practical applications. In order to elucidate the effect of friction and the coupling between normal and tangential deformations, in the present paper, the problem of a rigid punch with a parabolic shape in non-slipping adhesive contact with a power-law graded half-space is studied analytically via singular integral equation method. A series of closed-form analytical solutions, which include the frictionless and homogeneous solutions as special cases, are obtained. Our results show that, compared with the frictionless case, the interfacial friction tends to reduce the contact area and the indentation depth during adhesion. The magnitude of the coupling effect depends on both the Poisson ratio and the gradient exponent of the half-space. This effect vanishes for homogeneous incompressible as well as for linearly graded materials but becomes significant for auxetic materials with negative Poisson's ratio. Furthermore, influence of mode mixity on the adhesive behavior of power-law graded materials, which was seldom touched in literature, is discussed in details.
Introduction
Mechanics of functionally graded materials (FGMs) with spatially varying elastic moduli is of significance to many applications in tribology (Enomoto and Yamamoto, 1998; Donnet and Erdemi, 2004) , adhesion (Giannakopoulos and Pallot, 2000; Chen et al., 2009b) , geology (Holl, 1940; Booker et al., 1985a,b) , biomechanics (Pompe et al., 2003; Hedia and Nemat-Alla, 2004) , fracture mechanics (Suresh, 2001) , thermo-mechanical systems (Pindera et al., 1998; Nemat-Alla, 2003) , energy storage/conversion systems (Kambe and Shikata, 2003; Kato et al., 2006) and nanotechnology (Li et al., 2009; Sioh, 2010) . In particular, the contact mechanics of FGMs has received considerable attention in the past (Giannakopoulos and Pallot, 2000) . Early studies on the contact mechanics of FGMs focused on the settlement of foundations on soils with elastic moduli varying linearly with depth (Holl, 1940; Lekhnitskii, 1962; Gibson, 1967; Gibson and Sills, 1975; Calladine and Greenwood, 1978; Booker et al., 1985a,b) . More recent studies have demonstrated that FGMs can be designed to have substantially improved resistance to contact damage compared to their homogeneous counterpart (Suresh and Mortensen, 1998; Suresh, 2001 ). Suresh and coworkers made systematic investigations on the mechanics of indentation on graded elastic solids (Giannakopoulos and Suresh, 1997a,b; Giannakopoulos and Pallot, 2000; Choi et al., 2008; Prasad et al., 2009) , and proposed a theoretical framework for frictionless contact of graded materials under concentrated point loads and axisymmetric indenters (Giannakopoulos and Suresh, 1997a,b) . The plane strain problem of a rigid cylinder in contact with a power-law graded half-space was also examined by Giannakopoulos and Pallot (2000) .
With the rapid development of nanotechnology, micro-and nano-indentation has become a powerful tool to characterize mechanical properties of a variety of biological/soft materials with sizes approaching molecular or atomic dimension. For such application, the adhesion forces between contact surfaces induced by capillary, electrostatic and van der Waals interactions will come into play and may affect the contact behavior significantly. Recent years have witnessed a continuously growing interest in adhesive contact between soft materials from different branches of engineering and applied sciences. Compared with studies on adhesive contact mechanics of homogeneous materials (Johnson et al., 1971; Derjaguin et al., 1975; Barquins, 1988; Maugis, 1992; Chaudhury et al., 1996; Baney and Hui, 1997; Greenwood, 1997; Barthel, 1998; Hui et al., 2001; Gao, 2006a,b, 2007a,b) , there is so far only limited work (Giannakopoulos and Pallot, 2000; Chen et al., 2009b; Jin and Guo, 2010) on adhesive contact of graded materials in spite of their growing importance for biological and soft material systems. Giannakopoulos and Pallot (2000) proposed an energy-based approach to two-dimensional adhesive contact on power-law graded materials. Recently, Chen et al. (2009b) studied frictionless adhesive contact between a rigid sphere and a power-law graded elastic half-space and, rather amazingly, obtained a number of simple closed-form analytical solutions to a seemingly very complex problem. A problem of the solutions presented in Chen et al. (2009b) is that the coupling between normal and tangential deformations within the contact region are ignored, which might seriously limit their applications to many practical cases in which friction forces may play an important role.
The present paper is aimed to develop a series of closed-form analytical solutions for non-slipping adhesive contact between a rigid punch and a power-law graded elastic half-space. Our work makes two critical contributions to adhesive contact mechanics. First, we develop fundamental analytical solutions to non-slipping adhesive contact on power-law graded materials which can capture the contact behaviors of a broad range of soft materials in biology and engineering. Second, as shown by Waters and Guduru (2010) , the effect of mode mixity is a critical factor for the analysis of adhesive contact between soft materials, which obviously cannot be addressed in a theoretically consistent way if the coupling between normal and tangential deformations within the contact region is ignored, as in Chen et al. (2009a,b) .
The rest of the paper is organized as follows. In Section 2, the non-slipping adhesive contact problem is formulated as a set of coupled Abel-type singular integral equations and the corresponding solution procedure is presented. In Section 3, we show that the solutions are available in closed form by the Jacobi polynomial method. As an important degenerate case, a generalized nonslipping JKR model for homogeneous half-space is examined and compared with the classical JKR model in Section 4. The model of an adhesion mediated deformation sensor proposed in Chen and Gao (2006b) is extended to power-law graded materials in Section 5. In Section 6, the influence of mode mixity on adhesive contact of graded materials is discussed in the plane strain case. Definitions of the corresponding stress intensity factor and energy release rate, which generalize the classical results for homogeneous materials, are also presented in this section. Some concluding remarks are given in Section 7.
Problem statement and the solution approach
Consider a rigid punch in non-slipping adhesive contact with an isotropic, power-law graded elastic half-space (Fig. 1) . The profile of the rigid punch is assumed to have the following form
where a n 1 P 0 is a dimensionless parameter and R is a characteristic length. The case N 1 = 1 and a 0 ¼ 0; a 1 ¼ 1=2 corresponds to the parabolic shape used in most of the classical contact models to approximate a sphere of radius R when the contact radius is small (Johnson, 1985) . It is assumed that the Poisson ratio of the halfspace has a constant value v in the interval [À1, 0.5], while its Young's modulus varies in the power-law form
where E 0 > 0 is a reference modulus, c 0 > 0 is a characteristic depth and k is the gradient exponent. The system is subjected to a normal contact force P (negative when tensile) applied on the rigid sphere and a mismatch strain distribution e(r) between the contact surfaces in the following form
where e n 2 is a dimensionless parameter. This type of mismatch strain distribution could be induced by a non-uniform temperature change in the radial direction (Chen and Gao, 2006b ). The case N 2 = 0 corresponds to a constant mismatch strain. Due to the nonslipping condition, both normal and tangential interfacial tractions will be induced by the adhesion between the two objects. The radius of the contact region is denoted by a. Using the surface elastic Green's function, the relation between the surface displacements of the half-space ( u r ðrÞ ¼ À R r 0 eðsÞds and u z ðrÞ) and the corresponding interfacial tractions within the contact region (p(r) = r zz (r) and q(r) = s rz (r)) can be established as follows (Popov, 1973) : 
where C(Á) denotes the Gamma function.
Under the prescribed interfacial displacements u r ðrÞ and u z ðrÞ, Eq. (4) is a set of coupled Abel type singular integral equations for unknown interfacial tractions, p(r) and q(r). Note that the Fig. 1 . Schematic illustration of a rigid punch in non-slipping contact with a powerlaw graded elastic half-space under a normal force P and a mismatch strain e(r).
normal and tangential deformations are fully coupled in the above formulation.
According to Popov (1973) 
respectively. Accordingly, the force applied on the punch can be expressed as
The surface energy associated with the contact region can be expressed as
where Dc is the work of adhesion that could include possible energy dissipation during the adhesion process. The total free energy of the system is taken to be
where U E denotes the elastic strain energy stored in the graded halfspace. The contact radius a is then determined from (Giannakopoulos and Pallot, 2000; Chen et al., 2009b) @U T @a
for fixed values of d and e.
In the following sections, the above solution procedure will be employed to investigate a rigid punch in non-slipping adhesive contact with a power-law graded elastic half-space, taking into account the full coupling between normal and tangential deformations.
Explicit solutions
From Eqs. (1) and (3), the axisymmetric surface displacements of the half-space under the indentation of a rigid punch and the distributed mismatch strain can be written as
where d is the depth of indentation. Inserting Eq. (14) into Eq. (5) 
where D j n ¼ n!=½j!ðn À jÞ!, it can be seen from Eqs. (15) and (17) that for any prescribed N 1 P 0 and N 2 P 0, there will be only finite nonzero terms of v m in Eq. (7). This means that closed-form analytical solutions for the considered problem are available as long as the shape f(r) of the axisymmetric punch and the mismatch strain distribution e(r) can be described in the form of Eqs. (1) and (3), respectively. However, the solution procedure can be quite lengthy when N 1 and N 2 are large. For the sake of simplicity, we will only focus on the case of parabolic shape punch ða 2 ¼ 1=2 and all other a n 1 ¼ 0Þ and constant mismatch strain N 2 = 0 in the following text.
Stress fields within the contact zone
For a rigid punch with a parabolic shape f(r) = r 2 /2R and a constant mismatch strain, combining Eqs. (7), (8) 
It can be verified that the interfacial tractions p(r) and q(r) obtained above satisfy the boundary conditions:
It can be seen from the above results that, in contrast to the frictionless contact solution (Giannakopoulos and Suresh, 1997b; Chen et al., 2009b) , the singular stress field in Eq. (18) oscillates with increasing frequency near the contact edge. This character is due to the coupling between normal and tangential deformations induced by the non-slipping condition in the contact region. The above analysis also reveals that the magnitude of this coupling effect is controlled by the parameter defined in Eq. (8) 4 , which is a generalized version of the oscillation index (Williams, 1959) for power-law graded materials. The larger the value of q, the stronger the coupling effect. The oscillatory stress field is analogous to that near the tip of an interfacial crack in dissimilar media (Rice, 1988; Hutchinson and Suo, 1992) . As also pointed out by Johnson (1985) , this anomalous behavior is mainly due to the fact that linear elasticity theory is not adequate to handle the high strain gradients near the contact edge. On the other hand, the oscillatory stress field is expected to hold away from a small singular zone around the contact edge. shows that for homogeneous incompressible material (k = 0 and v = 0.5) and linearly graded material (k = 1), the coupling coefficient vanishes (i.e., q = 0), which means that no coupling exists in these two cases. It is also found that q is relatively small for materials with positive Poisson's ratio but for auxetic materials with negative Poisson's ratio, it has a relatively large value. This indicates that the coupling effect may be especially significant when the adhesive contact behavior of auxetic materials is considered.
Since the oscillatory stress field is by itself an anomalous result associated with linear elasticity, it is often interesting to consider the solution when the value of q is set to zero (Hutchinson and Suo, 1992) . Under this circumstance, it can be shown that the corresponding stress field reduces to 
Through some manipulation of analytical integrations, it yields that
Inserting Eq. (24) back into Eq. (22) 1 , it can be found that
where
The normal traction p 0 (r) obtained in this way is exactly the same as that in the frictionless case obtained by Chen et al. (2009b) via a superposition of the Hertz solution of a rigid sphere and the solution of a flat-ended cylindrical punch. Note that p 0 (r) becomes independent of the mismatch strain e when q = 0.
Indentation depth
Substituting the expression of H 0 in Eq. (15) into Eq. (10) yields the indentation depth as
Taking the limit of q ? 0, d reduces to the corresponding solution in the frictionless case,
The interfacial stress distributions and indentation depth for a flat-ended cylindrical punch can also be obtained by following the same procedure mentioned above. Again, in the limit of q ? 0, the result reduces to the solution to a flat-ended cylindrical rigid punch derived by Giannakopoulos and Suresh (1997b) . For the limitation of space, further details are omitted here.
P-a-e relation and pull-off force
The elastic strain energy stored in the half-space is
Meanwhile, it can be shown that 
Combining Eqs. (18), (31) and (32) gives
are all dimensionless quantities. Equilibrium of the adhesive system requires that
Inserting Eq. (33) into Eq. (35), while noting @P @a
leads to the following P-a-e relation in a normalized form
pC k sinðbp=2Þ
In Eq. (37),
are all dimensionless quantities and a JKR ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 9pR 2 Dc=ð2E Ã Þ 3 q is the classical JKR contact radius corresponding to e = 0 and P = 0 simultaneously. The normalized contact radius a/a JKR as a function of the mismatch strain e for a power-law graded half-space with gradient exponent k = 0.5 under different pulling forces is plotted in Fig. 3 , where both true and non-oscillatory solutions (obtained by letting q = 0 artificially) are shown for comparison. It can be seen that the behavior of a/a JKR with respect to e is qualitatively similar to that in the case of homogeneous materials Gao, 2006a,b, 2007b) . Fig. 3a and b also shows that the coupling effect tends to reduce the contact area for a given value of the mismatch strain but it becomes more significant for auxetic materials (v = À0.3) than for regular materials (v = 0.3).
The P-a-e relation can also be normalized in another form:
e Ea kã3þk e P 2 þ x 3 e Ea kã2þk e þ x 4 e Ea kã1þk e 2 À p ¼ 0; 
Fig . 4 shows the normalized contact radius a/R as a function of the normalized load P/(RDc) predicted from Eq. (40) for k = 0.5 and v = 0.3 under different values of the mismatch strain. Both true and non-oscillatory solutions are depicted for comparison. It can be seen that the mismatch strain does have some influence on the contact radius of the adhesion system. The smaller the mismatch strain, the more accurate the non-oscillatory solution.
In the absence of mismatch strain (e = 0), the P-a relation can be obtained as
According to Eq. (42), Fig. 5a and b plots the P-a relations predicted by the current non-slipping contact model and the frictionless contact model by Chen et al. (2009b) for prescribed values of k; a; e E and v. For materials with v = 0.3, it can be seen that the two sets of solutions agree well in the tensile regime (P < 0) but the non-slipping condition tends to reduce the contact area in the compressive regime (P > 0). For auxetic materials with v = À0.3, the discrepancy between the two models becomes more prominent in the compressive regime (P > 0).
It may be also of interest to make a comparison between P-d relations obtained by non-slipping and frictionless contact models.
In the case of e = 0, Fig. 6a and b shows the normalized load P/(RDc) as a function of the normalized indentation depth d/R predicted by the two models for v = 0.3 and v = À0.3, respectively. One can see that the non-slipping condition tends to reduce the indentation depth until pull-off and the discrepancy between the results obtained by the two models is more obvious for the latter case. This is interesting in view of recent reports that auxetic materials with negative Poisson's ratio, such as polymeric and metallic foams (Chan and Evans, 1998; Lakes and Elms, 1993) , carbon fiber composite laminates (Coenen et al., 2001 ) and microporous polymers (Alderson et al., 2000) , exhibit higher resistance to indentation than conventional materials with positive Poisson's ratio. Our analysis thus provides a feasible explanation of this phenomenon.
In the case of e = 0, the critical force and contact radius at pulloff can be obtained from Eq. (42) as In the frictionless limit of q ? 0, it can be shown that
which is in perfect agreement with those obtained by Chen et al. (2009b) under the frictionless assumption. Furthermore, the P-a relation in the frictionless case can also be found by letting q ? 0 in Eq. (42).
In the absence of a mismatch strain, Fig. 7 plots the normalized pull-off force P pf =P pf JKR as a function of the gradient exponent k for different values of v, along with the corresponding frictionless solution. Here P pf JKR is the pull-off force corresponding to the classical JKR model. It can be observed that for the frictionless case, the pull-off force depends linearly on the gradient exponent k and is independent of the Poisson's ratio of the half-space (Chen et al., 2009b) . When the coupling effect is involved, however, the pulloff force exhibits some slight dependence on the Poisson's ratio of the half-space. Even so, the frictionless model can still give a good approximation for the pull-off force. The non-slipping condition causes less than 2.5% reduction in the pull-off force. It is also interesting to note that under the parabolic assumption of the punch shape, the pull-off force is also independent of E 0 even if the non-slipping condition is assumed within the contact region.
Generalized JKR solution for homogeneous materials
In this section, we will show that the general solution to nonslipping contact on graded materials can be reduced to the nonslipping JKR solution for homogeneous materials.
Stress field within the contact zone and the indentation depth
In the homogeneous limit, i.e. k ? 0, it can be shown that 
The depth of indentation can be recovered from Eq. (27) as
For an incompressible half-space (v = 0.5), we have q 0 = 0, then
The stress field given by Eqs. (46) and (50) are consistent with the oscillatory and non-oscillatory solutions for homogeneous materials by Chen and Gao (2006b) when one of the contacting bodies is rigid.
Furthermore, in the absence of a mismatch strain (e = 0), we have
and
These results coincide with the classical JKR solutions (Johnson et al., 1971) for homogeneous materials.
P-a-e relation and pull-off force
In the homogeneous limit, k ? 0, the corresponding P-a-e relation from Eq. (37) can be written as
When P = 0 and e = 0, the equilibrium contact radius a 0 can be obtained as 
where a JKR ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 9pR 2 Dc=ð2E Ã Þ 3 q is the self-equilibrium contact radius corresponding to the JKR model and the right hand term in Eq. (55) is a little bit smaller than 1. For incompressible materials (q 0 = 0), Eq. (53) is reduced to the following non-oscillatory solution for the P-a-e relation (Chen and Gao, 2006b) 
Accordingly, in the homogeneous case, Eq. (40) reduces to the following form:
where x 6 = tanh(pq 0 )/(pq 0 ). In the absence of e, the following P-a relation can be obtained as
Consequently, the pull-off force and the corresponding critical contact radius become
In the frictionless limit (q 0 ? 0), Eq. (57) becomes
which is just the non-oscillatory solution derived by Chen and Gao (2006b) . The self-equilibrium contact radius
the pull-off force and the critical contact radius
in the classical JKR model can all be recovered by taking q 0 in Eqs.
(55) and (59). The above analysis shows that the classical frictionless JKR solution coincides with the non-slipping solution for incompressible materials (v = 0.5). For regular materials with positive Poisson's ratio, as indicated by Chen and Gao (2006b) , the JKR solution is very close to the non-slipping solution. For auxetic materials with negative Poisson's ratios, however, there are larger differences between the classical JKR solution and the non-slipping solution.
Adhesion mediated deformation sensor
Induced by the changes in environment temperature, the presence of a mismatch strain may cause the adhesion to break up, leading to the concept of adhesion mediated deformation sensor proposed by Gao (2006b, 2007b) . So far this model has only been studied for homogeneous materials, and here we extend it to the power-law graded material. For a fixed mismatch strain with no applied force, the contact radius behaves according to Eq. (37) in which P = 0,a = a eq . In this regard, the adhesion energy can be obtained as
Fig. 8 plots the normalized adhesion energy DU/(K B T), where K B is the Boltzmann constant and T = 300 K is the room temperature, versus the mismatch strain for various k. At a finite jej < 0.1, the adhesion energy decreases initially with k until k = 0.5, then DU increases with k monotonically. In addition, DU associated with k > 0.5 is seen to decrease more slowly than that for k < 0.5. This means that the adhesion system for k > 0.5 shows more stability than for smaller values of k. Even so, the adhesion energy is reduced to the level of K B T as jej P 0.1, when adhesion will become sensitive to thermal fluctuations.
Effect of mode mixity for graded materials
The above analysis of non-slipping adhesive contact on powerlaw graded materials is based on the assumption that the work of adhesion Dc is a material constant throughout the loading process, as in the case of a perfectly elastic material with reversible adhesion. It is also assumed that Dc is independent of the local fracture mode, meaning it does not depend on whether the detachment occurs by tensile or shear failure mode along the interface. However, as demonstrated recently by Waters and Guduru (2010) , under combined normal and tangential loading conditions (mixed-mode loading), the work of adhesion increases significantly with increasing degree of mode mixity. This is not difficult to understand if the similarity between fracture mechanics and contact mechanics is recalled (Maugis, 1992; Giannakopoulos et al., 1998) since it is well known in fracture mechanics that mode mixity will increase the interface fracture toughness. Following the ideas from fracture mechanics (Evans et al., 1990; Hutchinson and Suo, 1992) , here we investigate the influence of mode mixity on adhesive contact of graded materials. Without loss of generality, we focus attention on plane strain adhesive contact. As shown by Jin and Guo (2010) for a rigid cylinder of radius R in non-slipping adhesive contact with a power-law graded halfspace under a normal force P (negative when tensile), the normal (z direction) and tangential (x direction) tractions in the contact region can be expressed as follows (Jin and Guo, 2010) pðxÞ ¼ 1
whilst k, h 1 and q are defined in Eqs. (6) 2 , (6) 4 and (8) 4 , respectively.
Similar to Erdogan and Wu (1993) , we define the complex-valued stress intensity factor for power-law graded materials as follows: 
From Eq. (65), the combined interfacial traction at x = a À g inside the contact region is
Moreover, the complex form of the displacement discontinuity ahead of the contact region can be calculated as
where the depth of penetration h is given by
and b is defined in Eq. (6) 3 . From the surface Green's function of power-law graded halfspace, the complex surface displacement at x = a + g outside the contact region can be obtained as
An asymptotic analysis will show that, as g 
Combining Eqs. (65)- (74), the asymptotic displacement discontinuity outside of the contact edge is obtained as
Based on the above results, the strain energy dU E released for a perturbation da can be calculated as
Consequently, the energy release rate is
which is exactly the same as the result given by Jin and Guo (2010) obtained through global energy analysis. In the homogeneous limit, i.e. k ? 0, we have
which means that the corresponding energy release rate reduces to the classical result for homogeneous materials (Rice, 1988) 
where q 0 is defined in Eq. (45) 5 and K 0 = lim k?0 K is the complex stress intensity factor for homogeneous materials. Note that the factor 1/2 appearing in Eqs. (77) and (79) is due to the presence of the rigid punch (Maugis, 1992) . The above analysis demonstrates the rationality of the proposed definition of complex-valued stress intensity factor for power-law graded materials. Following Hutchinson and Suo (1992) , we choose the following expression to describe the effect of mode mixity on the work of adhesion
where Dc is the work of adhesion for pure mode I loading; the phenomenological parameter k 0 (0 6 k 0 6 1) adjusts the influence of mode mixity, whose value can be determined from experiments as discussed in Waters and Guduru (2010) . The smaller the value of k 0 , the stronger the effect of mode mixity. When k 0 = 1, x ad reduces to Dc. In Eq. (80), the mode-mixity angle is defined as
where l is a reference length, the choice of which was discussed by Hutchinson and Suo (1992) . As a consequence, the energy balance equation in the adhesive contact analysis can be stated as
From Eq. (82), the relation between the normalized normal load P/Dc and the normalized contact half-width a/R can be written as
where three dimensionless parameters x 7 , x 8 and x 9 are defined as
ð1 þ kÞð2 þ kÞ ; 
According to Eq. (83), Fig. 9a and b plots the variation of a/R as a function of P/Dc for graded and homogeneous materials under different values of k 0 , showing qualitatively similar results for various k 0 . This is consistent with the conclusion given by Chen et al. (2009) for peeling of a spatula pad on a homogeneous substrate. For a given value of P, the larger the value of k 0 , the smaller the contact radius. Moreover, for the materials examined (v = 0.3), the pull-off force increases with decreasing k 0 , which can be observed more clearly from Fig. 10 . This indicates that the mode mixity has a more significant effect for homogenous materials than for graded materials. Our analytical model shows that the effect of model mixity can be neglected when the gradient exponent k is greater than 0.8.
Conclusions
In the present paper, we have studied non-slipping adhesive contact between a rigid punch with a parabolic shape and a power-law graded elastic half-space based on the Jacobi polynomial method. A series of closed-form analytical solutions are obtained by solving a set of coupled singular integral equations.
Our analysis identifies a dimensionless parameter q which governs the non-slipping effect, which vanishes in the case of linearly graded materials as well as homogeneous incompressible materials. Our analysis indicates that the frictionless solutions work well for materials with positive Poisson's ratio. However, for materials with negative Poisson's ratio (auxetic materials), the solutions derived under non-slipping condition deviate significantly from the frictionless solutions. Furthermore, the role of mode mixity in plane strain adhesive contact of power-law graded materials has been discussed in some detail, with results showing that the mode mixity plays a more prominent role for homogenous materials than for graded materials.
In the present analysis, we have considered non-slipping adhesive contact on a power-law graded elastic half-space. This may not be too restrictive since the power-law solutions for E = E 0 (z/c 0 ) k can sometimes be superposed on the homogeneous solutions to obtain first order solutions for more general cases (Giannakopoulos and Pallot, 2000) . It may also be possible to follow a moduli-perturbation approach described in Gao (1991) to obtain some more general approximate solutions based on the present solutions.
